EFFECT OF VOLUME CONCENTRATION OF INCLUSIONS ON
EQUATION OF BUBBLE PULSATIONS IN GAS - LIQUID MEDIA
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In the construction of models of multiphase media the effect of the volume concentration of inclusions on the
force of thermal interphase interaction must be taken into account. The theoretical investigation of this problem has been
the subject of a great number of studies, which have been reviewed in [1, 2], for instance. It was shown in [1] that inter-
phase interactions, generally speaking, depend on the kind of distribution of inclusions in the medium. The media usually
considered are disperse media with two limiting schemes of particular distribution within the medium: with a regular and
with a random structure. Disperse media with a regular structure are investigated within the framework of the cell method
[1, 2]. Media with a random structure are investigated by using relations connecting the characteristics of interaction of an
individual inclusion with the carrier medium for a specific arrangement of the other inclusions and averaging them over the
statistical ensemble by using the distribution functions of the inclusions within the medium. At the same time the distribu-
tion functions themselves depend on the interaction between the inclusions through the carrier medium. Hence, the problem
of determining the distribution functions with due consideration of this interaction is considerably complicated and for its
solution, apart from rare exceptions [3], the simplifying assumption of independence of the distribution functions on the
interaction of the inclusions is used [4-6]. The problem of determining the mean characteristics of the medium is still
fairly complex even when the distribution functions are known and, hence, for its simplification a specific form of inter-
action of the inclusion with the carrier medium for a fixed distribution of the other particles is assigned approximately.

In [3] the description of this interaction was confined to the dipole approximation, while the authors of [5, 6] introduced
the substantial assumption of applicability of the mean characteristics of the medium, obtained by averaging over a volume
containing many inclusions, for description of the flow near an individual inclusion. In the words of the authors of [5, 6],
this assumption is not rigorously justified, but leads to a considerable simplification of the calculations, and in [4] the
physically understandable idea of self-consistence was used. The assumptions made in [3-6] do not allow a theoretical esti-
mate of the error that they introduce into the final relations. At the same time the error of the various approximate
approaches can be estimated by comparing the final approximate formulas with the accurate formula obtained in these few
problems where an accurate result can be obtained. In this paper we consider the problem of vibrations of gas bubbles in
an ideal liquid in a case where the volume concentration of bubbles o, < 1. The flow potential of the liquid is written
for an arbitrary distribution of the bubbles. The mean values of the potential and the square of the velocity on the surface
of the sample bubble for a random distribution of the other particles are calculated to an accuracy of a,, and a generalized
Rayleigh—Lamb equation is obtained. The effect of inaccurate assignment of interaction of the inclusions on the Rayleigh —
* Lamb equation is analyzed.

We consider a one-velocity monodisperse mixture of a low-viscosity incompressible liquid containing randomly
distributed spherical bubbles of radius R on the assumption that the characteristic scale of variation of the mean mixture
parameters (R, a,, etc.) is much greater than R.

The flow potential ¢ of the liquid for an arbitrary distribution of the centers N of the bubbles contained in volume
V, bounded by surface T, is determined as the solution of the following equations with boundary conditions:

Ag =0, -j-rifrfui (i=0,1,...,N),

where [\(i = 1, ..., N) is the surface df the i-th bubble; n is the normal to the surface; v(i= 1, ..., N) is the normal com-
ponent of the liquid velocity on the boundary of the i-th bubble; \A is the normal component of the liquid velocity, due
to vibrations of the bubbles, on the boundary of the considered region.

We will find ¢ by the method of successive approximations of ¢ =£l_)ri " by mirror images [7]. We first determine

¢ 0, the zeroth approximation of ¢,
N
=2 ¢
i=1
where go? are determined as the solutions of the following equations with boundary conditions:

g0 : \ ) -
Api=0, T| —vi @10 for Jr—m|>o0 (1=12...N)
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where 1 is the radius vector of the point at which the value of the potential is determined; 1, is the radius vector of the
center of the i-th bubble.

We determine ¢!, the first approximation of ¢,
N
o= ¢+ 3 ¢l
1=0
where wi‘ are determined as the solutions of the following equations with boundary conditions:
Agt=0, Z(e®+ 0Nl =2 (=0.1,...,N)

for i50, @!— 0 when {r — r;[ > oo.
The subsequent approximations of ¢ are obtained in a similar way. It can be shown that the terms ¢f' decrease as

is the distance between the bubbles. Hence, the method of

Qoo gre1 (:i)k, where k 2 1; R is the bubble radius; I,
13

successive approximations gives the potential ¢ in the form of a series in terms of the parameter R/r,. We note that the

series constructed in this way for the potential around two bubbles converges very rapidly to the exact potential [ 7-10] for
any (including the case of contact) distances between the bubbles.

It follows from the construction that the potential ¢ is in the form of a sum of terms ¢,, each of which fori= 1,
..., N has no singularities outside the i-th boundary, and Yo has no singularities anywhere in the considered region.
The expounded method at each approximation (beginning with the first) takes into account the conditions on the

boundary of the mixture. This makes the analysis of the potential difficult. Hence, it is convenient to use ((p}’)' = 3 o7,
n=1

instead of ¢ !; the boundary need then be considered only in the first approximation, i.e., (¢®)’ = 0 for n > 1. Henceforth
0 0

we will use the above-described modified algorithm, and will omit the dashes on the corresponding potentials. We will also
consider bubbles situated far from the boundary and, hence, for them we can neglect the effect of the specific distribution
of the bubbles on (¢ })). Then it follows from the construction that ¢ is in the form of a series whose terms are either

independent of the position of any of the bubbles (cpol) or depend on the position of only one ( 90‘} ), or on two bubbles
(such terms are contained in ' when n > 1), etc. We sum the terms ¢, which depend on the position of precisely /
bubbles (I = 0, 1, ..., N), then

N
Ol ) = D, = (0,

(H
X = NZXl(r|ri11"'v l‘i,)»
ol _

LT

where X depends on the position of only / bubbles; mxl ,,,,, r;, are combinations of / from N bubbles (bubbles i,, ..., i,

are selected); % (l', LEXIEERE riz), depends only on the position of the bubbles iy e 4y

We note that x4 was constructed so that it took into account the specificity of interaction of precisely 7 bubbles,
and henceforth we will call X°, the [-particle interaction.

The bubble dynamics (e.g., the Rayleigh—Lamb equation) is determined by the difference (o> = {9;> — {Pm>:
where{g,)is the mean liquid potential near the bubble surface; {¢,> is the meanliquid potential at a point corresponding
to the center of the bubble when it is not there

1
@r=—4 [ otimr v (@ @,

0 rl ,,,,, rN (2)
{ Py = 5( P(roiry, oy TN IN(ry, o, | 1) BPry L dPrpy,
PN
where £, (1, ..., 1) is the k-particle distribution function; f is the N-particle distribution function on condition that the

point 1, does not belong to any of the bubbles. We select a system of coordinates with origin at the center of the sample
bubble. Function (¢,) , generally speaking, takes different values at different points on the bubble surface. This leads to

a difference in pressure on the bubble surface, which for slow processes (such that the pressure in the bubble is constant)
will be balanced by small deformations of the bubble. Hence, to derive the generalized Rayleigh —Lamb equation within
the framework of the spherical-bubble model we need to use the quantity ({q,>) averaged over the ensemble and the surface
of the bubble. For ({¢,>>, using (1) and (2), we can obtain
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9 N N
oy = =L+ Jad + 2, 3)
i==1 .

=1

where R is the radius of the bubbles in the mixture and R its derivative with respect to time. The first and second terms
of Eq. (3) correspond to alteration of the flow due to the presence of the sample bubble at the coordinate origin; the
second term corresponds to the regular part of this flow in the vicinity of the sample bubble, while the third term appears

owing to the difference in the distribution functions fx{r,, ..., 1y |Q) and fu44(0, xy, ., Ty)
oy = (az)l( p— )’%ﬂr ”r 10 O10s, oo 1) fia (O 1y, ooy 1) By L &Py, @
e
apy =@ () [ 10In [ O i (O] @y
LS ) . '
where y? 1 {Olry, . . .. x;) are the tell'ms in the potential [due to [ + 1 particle interaction of the (1) sample bubble, and

[ other bubbles] having singularities in any bubble, except the sample bubble.

It is apparent from (4) that to determine ({9a>>, accurate to (a,)! it is sufficient to know the two-particle (binary)
distribution function and the two-particle interaction and for determination‘ of ({®;)), accurate to (az )2, we need to know
the three-particle distribution function and the three-particle interaction, etc.

Representation (4) has sense if the integrals (x2Yand{¥}> have a finite limit when o, » 0and V, » oo. We note that
for a disperse medium of regular structure the distribution functions f™ and f have sharp spikes and these integrals tend to
infinity wheno, »+ 0. Whence it follows that expansion (4) of {{g,>>in terms of (e, )! is not valid for disperse media
with a regular structure (it can be shown that the first terms of the correct expansion of (x}>and (y}>in this case are pro-
portional toa}/?). :

We will show that for media with a random structure expansion (4) is valid. To investigate the convergence of the
coefficients of (ozz)1 the behavior of the integrands when jr;| — oo is important and, hence, in (4) we can confine ourselves
to the main terms of the expansion X}, in terms of R/|r,]

RE(r) R (r,
Xl—-—'_‘ (I]Z (J)

5D, i)

1t is apparent from (4) that for convergence of the integrals <xB>and{xd> it is sufficient that the binary correlative
function f, (0, r,) is bounded [£,(0, r) < k,] and differs from the one-particle distribution function f™(r,|0) by not more
than k,/|r;|*, where k1 and k, are constants. We note that the binary correlative function, corresponding to the rigid-

sphere model [11], has exponential convergence to the one-particle function, and the binary correlative function obtained
from the interaction of inclusions with the carrier medium in the Stokes approximation [3] also ensures convergence of
the coefficients of o, in 4).

Let the [-particle distribution function f; (r,, ..., r,) satisfy the following conditions:

k
fl+1 (07: Tio eney I'l)< kav ifl+1 (07  STRTIR !'1) - .ﬂn(ru s I l 0) l < [min (rl’ 1-:, ., rl)]:i’
where k3 and k, are constants. In the investigation of the convergence of the integrals for (oz2 )? in (4) we can confine

ourselves, as for the integrals considered above, to the main terms in R/|r,{ in the expansion of X, and x‘; i1r which have
the form

i o s ) ) g

2

where 8 is the angle between the vector r, and the vector r, —r;. Using (5) for a point not lying at the boundary of the
region V0 we can show the convergence of the coefficients of ag. Estimates from the modulus of x, (as, for instance,
x‘; + is estimated) are insufficient for convergence of the integral{%I>. In a similar way it can be shown that the coefficients
of (o, )® converge. The above arguments show that in expansion (4) the decrease in the terms when v, » 0 is correctly
shown. ,

We derive a generalized Rayleigh—Lamb equation accurate to «,. In this case we can neglect the potential ‘Pol
contained in xfﬂ Olry, « - o 7))y %{0Jry, - . -, ¥;) , Which is proportional to o, and, hence, as (4) shows, gives a contribu-

tion at least quadratic in &, to the Rayleigh ~Lamb equation.
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Fig. 1

The analysis conducted above has shown that to determine {({g;>>accurate to (az)1 it is sufficient to know only
the two-particle interaction. Hence we find the liquid flow potential p, for two growing bubbles of radius R whose centers
are at distance L. Using the method of successive approximations by mirror images [7, 8] we find that ¢, can be represent-
ed as a sum of potentials of point sources and distributed sinks lying in a straight line connecting the bubble centers. The
point sources are at points B, (see Fig. 1) at distances L, from the bubble centers. The quantities L, and the source powers
C, are given by the following recurrent relations: L; = R*(L — L;—y), Ly =0; €; =CiLJ/R, €y = R*R. The sinks
are uniformly distributed on the segments BiBH , with a power per unit length d; = Ciy/(Li—L;) The described
potential is an exact solution of the posed problem. It allows determination of the two-particle interaction of the sample
bubble A with bubble M (see Fig. 1), situated at distance L. As (3) shows, the interaction )(‘1’+1
due to the whole system of point sources and distributed sinks situated in the bubble M, except the source at the center
of bubble M, which corresponds to one-particle interaction.

agrees with the potential

In the calculation of ({g;>>accurate to o, we can neglect the corrections linear in @, to the binary correlative

2
function and use the following simple expression [11], obtained for the case of non-interacting spheres:

Iov R<lrll<23a

fz (rl) = ‘“-1 23 < I 1'1l- (6)

When the effect of bubble interaction on the binary correlative function is proportional to o, , Eq. (6) can also be
used to derive the Rayleigh —Lamb equation.

Integrals (xi’)and(xpcan be calculated numerically, accurate to o,. The final formula for {{@4)?>between the
mean potential on the bubble surface and the mean potential in the liquid has the form
Kgad) ~ — R*R/| |+ 3.6a,RR. (7N
We substitute the value of ({@4))in the Cauchy —Lagrange integral

TSI 2R Gy P
Ilm=R+£2“'+ = g ®)

2 (P

where (v2)is the mean square of the tangential velocity component of the liquid on the bubble surface; (v?) is the mean
square of the liquid velocity at a point corresponding to the center of the sample bubble; p, and p, are the pressure in
the bubble and liquid; o, p are, respectively, the coefficient of surface tension and density of the liquid. In the deviation

of (8) we used the fact that the normal component of the liquid velocity on the bubble surface, on the basis of assumption
of its sphericity, is equal to R,

From (1) we can obtain the following expressions for {v*) and (v2):

00 2
V) = 5‘ ( L;o VXL:’ Ny, oo, en [ 0YdPr, .. dPry;

rL...‘,rN =
/7 oo 2
1 N
=+ Hf i‘ (E vml) fue1(0] 1y, « ooy E) dSdBr, ... dry,
ol‘l,...,l‘l\;,s =0

where S is the surface of the sample bubble.
Making estimates similar to those made in the deduction of Eq. (4) we can show that (v*) and {v2) can be expanded

in a series in terms of a,. The values of (v*) and w2y are determined, accurate to (ozz)‘, only by the one-particle and two-
particle interaction, respectively. Then



s ¢ (rRY 3
o == (———LZ )L%L, (vf,)z.R—3

[ [vasar,
R L=R i

L3R §

where v, is the tangential component of the liquid velocity on the bubble surface, determined by the flow potentiai 9
when the distance between the bubbles is L.

The value of (v*)is determined analytically, and (v} is calculated numerically:
P Ba.zli."z, 2y &~ 3.'250521'12“ 9

Substituting (7), (9) in (8), we obtain the generalized Rayleigh —Lamb equation

. . , — 20/R ~
RR (1 —3.60,) -+ — (R)2 (1 — 9.7a,) = ’i—~9—ﬁ : (10)

The conducted analysis and the accurately derived Rayleigh—Lamb equation (10) enable us to analyze the error
introduced by the simplifications often used in the theory of disperse media with randomly distributed inclusions.

It is apparent from (4) that corrections quadratic in ¢, to the generalized Rayleigh —Lamb equation depend,
generally speaking, on the three-particle interaction of the inclusions, the three-particle distribution function and the
conditions on the region boundary (goo‘).

We analyze the error introduced by inaccurate assignment of the two-particle interaction between the inclusions. If
we use (as in [3]) only the main terms in R/r, in calculation of the interaction between the bubbles, the generalized
Rayleigh —Lamb equation will take the form -

. : —20/R —
RR (1 — 4.50,) + 3 (R (1 — 12a,) = P__"_p_ﬁ

(11)

The generalized Rayleigh —~Lamb equation has the same form when the idea of self-consistency, adopted in [4], is
used. A comparison of (10) and (11) shows that the error in determination of the coefficients is approximately 20%. In
view of the considerable simplifications obtained by the use of these assumptions [Eq. (11) is derived analytically], however,
they can be recommended for an approximate assessment of the effect of volume concentration on the interphase interaction.

The idea of self-consistency and some other assumptions enable us to obtain a correction, quadratic in «,, to the

Rayleigh —Lamb equation. As was shown above, this correction cannot be determined accurately, which raises doubts as
to the error of the linear term. In view of the great physical clarity of the self-consistent method and the improved
agreement with experiment obtained in some studies [4], however, we can expect that when these corrections are taken
into account these methods will allow an approximate calculation of the coefficients of (a, )2, as was the case with
corrections linear in «, .
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